Abstract. Two dual spaces are extensively used in crystallography: the point space E n , hosting the crystal pattern; and the vector space V n , where face normals and reciprocal-lattice vectors are defined. The term "point group" is used in crystallography to indicate four different types of groups in these two spaces.
, respectively, which are classified into 10 and 32 pointgroup types (on the basis of which geometric crystal classes are defined) falling into 9 and 18 abstract isomorphism classes.
2) Symmetry groups of atomic groups and coordination polyhedra in E n ; they coincide with molecular point groups, which are infinite in number because the symmetry operations forming these groups are not subject to the crystallographic restriction.
3) Site-symmetry groups in E n ; they are finite groups but infinite in number due to conjugation by the translation subgroups of the space groups. They are classified in geometric crystal classes exactly like point groups in V n . A finer classification of site-symmetry groups into species is however introduced that takes into account their orientation in space: species of site-symmetry groups in E n uniquely correspond to point groups in V n . 4) Groups of matrices representing the linear parts of space group operations in E
Introduction
Point groups in chemistry are defined in an unambiguous way as the symmetry groups of molecules. Due to the finite number of atoms in a molecule, all operations in the symmetry group leave fixed at least one point, namely the center of the atom positions. When the concept of symmetry groups with a fixed point is applied to crystals, the periodicity of the atomic distribution enforces the well-known restriction that, in the physical three-dimensional space, the order of a rotation is 2, 3, 4 or 6. This is often the only difference that comes to mind when going from molecular to crystallographic point groups. But taking a closer look, the concept of point groups in crystallography turns out to be far more complex, as we are going to show. The International Tables for Crystallography, Volume A ( [7] , ITA in the sequel of this paper; page numbers are given with reference to the 5th Edition, 2002) distinguish three different types of crystallographic point groups (see also [13] ) : 1) the point group P of the crystal, as the symmetry group of the vector set of face normals representing the external shape (morphology) of a macroscopic crystal and its physical properties (pages 725, 762) ITA); 2) the symmetry groups of atomic groups and coordination polyhedra (page 762); 3) the site-symmetry groups S(X), as the set of all symmetry operations of a space group G that leave a point X invariant (pages 732, 762); 4) the groups of matrices representing the linear parts of space group symmetry operations (page 724). The groups referred to in no. 1) and no. 4) are isomorphic but are defined in two dual spaces, whereas the difference between no. 2) and no. 3) concerns mainly the objects on which the groups act, namely finite polyhedra in crystals vs. infinite crystal patterns 1 . Note that the term point group is appropriate in all cases, since the groups in question all leave some "point" fixed (which may in fact be a vector rather than a point, as will be explained below).
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Dual spaces in crystallography
An n-dimensional space is commonly thought of as the space of columns with n real components, indicated by R n . The ITA, however, makes extensive use of two different spaces of dimension n, the point space E n (E for Euclidean) and the vector space V n . The former is the space where atoms exist, the latter the space where face normals and reciprocal-lattice vectors are defined. From the mathematical viewpoint, E n is an affine space, while V n is a vector space sensu strictu (see also [11] ).
The vector space V n , however, occurs in two disguises. Regarded as the vector space containing face normals and reciprocal-lattice vectors, its elements are commonly written with respect to a basis (a 1 * , . . . , a n * ) of V n . But in a second interpretation, V n is the vector space underlying the point space E n in which for example the translation vectors live. Vectors in this vector space are commonly written with respect to a basis (a 1 , . . . , a n ). Since the two bases (a 1 , . . . , a n ) and (a 1 * , . . . , a n * ) of V n are commonly chosen such that a i Á a j * ¼ 0 for i 6 ¼ j, i.e. as dual bases (up to scalars), the two instances of the vector space V n can be thought of as two dual spaces 2 . By a slight abuse of language, the spaces E n (identified with its underlying vector space) and V n (in its interpretation as containing face normals) may therefore be termed two dual spaces.
In order to clarify the concepts underlying the point and vector spaces, we will briefly review the general definitions of vector spaces and affine spaces.
An abstract vector space consists of a set of vectors for which vector addition and multiplication by scalars from a field 3 F are defined. In crystallography, F is almost always the field R of real number, occasionally the field C of complex numbers and rarely the field Q of rational numbers.
A set V of vectors is called a vector space over the field F if the two binary operations 1. vector addition: v þ w 2 V for v, w 2 V; 2. scalar multiplication: av 2 V for a 2 F and v 2 V satisfy the following eight axioms:
Vector addition has an identity element, the zero vector 0:
Vector addition has inverse elements: for every v 2 V there exists Àv 2 V such that v þ (Àv) ¼ 0; 5. Distributivity holds for scalar multiplication over vector addition: a(v þ w) ¼ av þ aw; 6. Distributivity holds for scalar multiplication over field addition:
7. Scalar multiplication is compatible with multiplication in the field of scalars: a(bv) ¼ (ab)v; 8. Scalar multiplication has an identity element:
1v ¼ v, where 1 denotes the multiplicative identity in F. Among the vectors of a vector space, the zero vector 0 is distinguished as the identity element for vector addition. It plays the role of origin in the vector space.
From a vector space V, a corresponding affine space A can be obtained, whose elements are points and in which two points differ by a unique vector in V.
Clearly, one space can be easily derived from the other: the vector space V is the set of difference vectors between pairs of points of A and conversely the affine space is built by translating a single (but arbitrary) point of A by each of the vectors in V. The crucial difference is that in contrast to the zero vector in V no point is in principle distinguished in the affine space A. Only when the affine space is "decorated", which in our case means occupied by a crystal pattern and its underlying lattice, the points lose their equal status. Not every point will then be considered as a possible origin.
After choosing an origin O, the points of the affine space are in 1-1 correspondence with the vectors of V by identifying a point P with the difference vector OP ! . This results in the well-known direct space, whose elements connect each point of point space with the origin O and whose basis vectors are indicated as a i (i ¼ 1, . . . , n). Combined with the origin, this basis forms the coordinate system (O, a 1 , . . . , a n ) of the point space E n of ITA. Because two parallel vectors of the same length are actually the same vector in the vector space, each lattice row in point space is represented by a single vector in vector space, namely the vector connecting two neighbouring nodes in the lattice row.
A lattice plane in point space is represented by two (linearly independent) vectors in vector space. However, in the case of 3-dimensional space, also a lattice plane can be represented by a single vector in vector space: taking any two vectors v, w in V 3 which represent a lattice plane in E 3 , their vector product v Â w is still a vector in V 3 which now is perpendicular to the plane in E 3 . Its length and orientation, however, depend on the vectors chosen to represent the lattice plane. The length of the vector perpendicular to the given lattice plane gives rise to a degree of freedom:
If this length is taken equal to d(hkl), we get Bravais' polar lattice ( [1] ; see also [12] ), for which a i Á a j * ¼ V 2/3 d ij (V being the volume of the unit cell). If instead the length is taken equal to 1/d(hkl), we get Gibbs' reciprocal system of vectors, for which a i Á a j * ¼ d ij ( [5] ) and on the basis of which Ewald ([4] ) later introduced the reciprocal lattice 4 . For the general case of a i Á a j * ¼ kd ij (k being a constant), the term "pseudo-reciprocal lattice" has been introduced ( [6] ).
Of fundamental importance is that both spaces are necessary to investigate the symmetry properties of the real crystal. In particular, the symmetry of the crystal pattern is defined in point space, whereas the point group of the crystal is defined in vector space. For this reason, the ITA call the latter the vector point group of the crystal (page 725).
Point groups and point-group types in vector space, and the notion of geometric crystal class It is common knowledge that the number of point groups in the two-dimensional (V 2 ) and three-dimensional (V 3 ) vector space is 10 and 32, respectively. To each of these point groups, a geometric crystal class corresponds: this is an equivalence class in the mathematical sense, in which "objects" are collected together which share some common property.
A geometric crystal class depends on the dimension n of the space, not on the type of space (E n vs. V n ): in fact, the same geometric crystal classes are used to categorize crystal patterns and their space groups (defined in E n ) as well as their physical properties (defined in V n ). The information contained in the geometric crystal class is however sometimes too coarse to completely characterize the crystal properties. Donnay ([3] ) criticized the use of only 32 geometric crystal classes to study the symmetry of crystals, and stated that these classes are suitable to analyse the symmetry of wooden crystal models but not that of real crystals with their underlying crystal lattices. Indeed, this was implicitly stated in the mineralogical literature well before Donnay's criticism, as shown by the classification of certain crystal forms in three (hexagonal, trigonal and tetragonal pyramids and prisms) or two (rhombohedra) orders, depending on their orientation with respect to the basis vectors (see e.g. [10] ). Also the ITA (chapter 10), while sticking to the 32 geometric crystal classes, actually show the stereographic projections and form classification for 42 cases: not only a distinction is made for the geometric crystal classes differing in their axial setting (like 6 62m vs. 6 6m2 and 4 42m vs. 4 4m2), but trigonal geometric crystal classes are given twice (3 and 3 3) or three times (32, 3m and 3 3m) because of the two possibilities for the underlying lattice, rhombohedral and hexagonal and the possible axial settings in the hexagonal case. While this is perfectly correct, it contradicts the definition of geometric crystal classes in making implicit reference to the underlying lattice. As a result, ) classes which in turn correspond with the symmorphic space-group types.
The number of 10 (in V 2 ) or 32 (in V 3 ) point groups actually refers to the types of point groups, which are defined only by the symmetry elements they contain. To each point-group type infinitely many point groups belong, depending on the choice of basis with respect to which the symmetry elements are written. But even with respect to a fixed basis, different point groups of the same type are joined into the same class, depending on the orientation in space of their symmetry directions. For example, point groups of type 2 may have rotation axes along the a-, b-, or c-axis in the orthorhombic crystal system.
In V 2 point groups are organized hierarchically in two branches: the tetragonal branch, having the holohedry 4mm at its top, and the hexagonal branch, having the holohedry 6mm at its top. The same holds in V 3 , where the two branches are the cubic branch, having the holohedry m 3 3m at its top, and the hexagonal branch, having the holohedry 6/mmm at its top. All point groups can be derived as subgroups of members of these holohedries. The ITA show the corresponding trees of subgroups ( It is common to identify a holohedry (being a class of point groups) with the point group contained in it that is written with respect to the conventional basis. Therefore, it is reasonable to restrict oneself to the point groups written with respect to the conventional bases of the tetragonal or hexagonal holohedry in V 2 and of the cubic or hexagonal holohedry in V
3
. These point groups represent all pointgroup types in their different orientations
The subgroups of the holohedries are obtained by iteratively adding symmetry operations from the holohedry as generators to the subgroups found so far, starting with the subgroups generated by a single symmetry operation. Of course, subgroups may occur more than once in this process, thus duplicates have to be disregarded. For the fairly small groups occurring as holohedries in V 2 and V 3 (the largest being the cubic holohedry with 48 elements) the subgroups could actually be determined by hand, but it is convenient to use a computer algebra package such as Magma ( [9] ) which provides powerful tools for group theoretic computations.
It is useful to collect together subgroups which are conjugate by the holohedry, because they then automatically belong to the same point-group type. Conjugacy is an equivalence relation that may both be used to classify group elements or subgroups into equivalence classes.
Two elements p and p 0 of a point group P are called conjugate if there exists a conjugating element q in P such that:
The equivalence class containing the element p in P is called the conjugacy class of p and is formed by all operations qpq À1 with q running over all elements of P. Two subgroups H and H 0 of a point group P are called conjugate if there exists a conjugating element q in P such that:
Point groups in crystallography
From the geometric viewpoint, conjugating by an element q describes a basis change and thus conjugate subgroups act essentially in the same way, although the geometric elements (axes, planes) about which the symmetry operations are applied are differently oriented in space.
Subgroups of the tetragonal holohedry of V
2
We start with the tetragonal holohedry described with respect to its conventional basis (a ¼ b; g ¼ 90 ). First taking the subgroups generated by a single one of the 8 symmetry operations and then adding a further generator to the groups thus obtained results in 10 different subgroups (including the holohedry). These groups fall into 8 conjugacy classes under the action of the holohedry P ¼ 4mm (Table 1 ). For example, by taking m [10] as generator, we obtain a point group consisting of the identity and a mirror line perpendicular to the a axis. If we take this as the operation p in Eq. (1) and conjugate it by all the 8 operations of P, we obtain m [10] and m [01] (each 4 times). The groups generated by these two elements are therefore two different point groups of the same type (m) which belong to one conjugacy class. If we repeat the same procedure with p ¼ m [11] , the result is different and consists of 4 occurrences each of m [11] and m [1 1 1] . These are two more different point groups, which however are again of the same type m (containing only a mirror line besides the identity) as those derived before, but belong to a different conjugacy class.
If two point groups are taken from the same conjugacy class, the geometric elements about which the operations are performed are equivalent under the tetragonal holohedry, i.e. they are transformed into each other by the symmetry operations of the tetragonal holohedry. On the other hand, taking one point group of type m from each of these two conjugacy classes, the two groups are not conjugate under the holohedry P because the corresponding lattice directions (for example, [10] and [11] ) are not equivalent under P.
The fact that the four point groups in these two conjugacy classes belong to the same geometric crystal class is due to the non-crystallographic rotation by 2p/8. This rotation is a basis change that maps the lattice direction [10] to [11] and thus conjugates the point group generated by m [10] into that generated by m [11] . The rotation by 2p/8 also causes the two subgroups of type 2mm to belong to the same geometric crystal class. We therefore obtain 6 geometric crystal classes from the tetragonal holohedry.
Subgroups of the hexagonal holohedry of
) we obtain 16 subgroups of the hexagonal holohedry (including the holohedry), which fall into 10 conjugacy classes ( Table 2 ). Five of the 16 groups have already been obtained as subgroups of the tetragonal holohedry, which leads to a total of 21 point groups in V 2 . That some subgroups of 6mm coincide with subgroups of 4mm becomes clear if we use orthohexagonal axes to index the hexagonal lattice. There are three orthohexagonal cells by which the hexagonal lattice can be described, which in ITA (page 84 for the 3-dimensional case) are called C 1 , C 2 and C 3 and have their [10] direction coincident with the hexagonal [10] , [11] and [01] directions, respectively. Any of these can be chosen, for example the cell C 1 shown in the right picture of Fig. 1 (which is drawn for E 3 but applies to E 2 as well, provided the third 130 M. Nespolo and B. Souvignier Table 1 . Conjugacy classes of subgroups of the tetragonal holohedry 4mm in V 2 . The class type gives the short international symbol for the point-group type, order is the group order of each member of the conjugacy class, isomorphism type gives a standard notation of the abstract isomorphism type of the groups (following [2] , page 345). The class length is the number of groups in a conjugacy class, generators provides generating elements for the single groups. The group no. is for convenient reference only. Horizontal lines separate the different conjugacy classes, with the exception of columns 2 and 3, where the horizontal lines separate the abstract isomorphism types. Of the 10 conjugacy classes obtained from the hexagonal holohedry, the two classes of point-group type m as well as the two classes of type 3m are conjugate under the non-crystallographic rotation by 2p/12 which relates the [10] and [21] hexagonal directions. There are 4 new geometric crystal classes obtained from the hexagonal holohedry, so that the total number of geometric crystal classes (and thus also of point-group types) in V 2 is 10, as is well known.
Subgroups of the cubic holohedry of V 3
We start with the cubic holohedry described with respect to its conventional basis (a
). First taking the subgroups generated by a single one of the 48 symmetry operations and then iteratively adding a further generator to the groups obtained results in 98 different subgroups (including the holohedry; see also [8] , page 63). These groups fall into 33 conjugacy classes under the action of the holohedry P ¼ m 3 3m (Table 3) .
For example, by taking 2 [100] as generator, we obtain a point group consisting of the identity and a two-fold rotation about the a axis. If we take this as the operation p in Eq. (1) and conjugate it by all the 48 operations of P, we obtain 2 [100] , 2 [010] and 2 [001] , each 16 times. The groups generated by these elements are therefore three different point groups of the same type (point-group type 2) which belong to one conjugacy class. If then we repeat the same procedure with p ¼ 2 [110] , the result is different and consists of 8 occurrences each of 2 [110] , 2 [ 1 1] . These are six different point groups, which however are again of the same type 2 (containing only a two-fold rotation besides the identity) as those derived before, but belong to a different conjugacy class.
Analogously to the tetragonal case in V 2 , the point groups in these two conjugacy classes belong to the same [120]
[010]
[110] [100] to that generated by 2 [110] . Neglecting the different orientations in space and considering only the nature of the symmetry operations, the nine groups from these two conjugacy classes are merged into a single geometric crystal class (of type 2). Considering all conjugacy relations by these non-crystallographic rotations, the 33 conjugacy classes of subgroups fall into 25 geometric crystal classes.
132
M. Nespolo and B. Souvignier Subgroups of the hexagonal holohedry of V 3 By proceeding in the same way as for the cubic holohedry, but this time with respect to the conventional hexagonal basis (a ¼ b; c; a ¼ b ¼ 90 ; g ¼ 120 ) we obtain 54 subgroups of the hexagonal holohedry (including the holohedry), which fall into 32 conjugacy classes (Table 4) . However, not all these 54 groups are really new: some of them can be brought to coincide with corresponding subgroups of the cubic holohedry, In order to compare the subgroups obtained from the two holohedries, a common axial setting must be established. This can be done in two different ways: 1) to take the (001) planes of two holohedries in common, giving priority to the monoclinic and orthorhombic subgroups of the two holohedries; 2) to take one of the h111i cubic directions coincident with the [001] hexagonal direction, giving priority to the trigonal subgroups of the two holohedries. The result in terms of number of independent groups is obviously the same. In Table 4 we present the result obtained when the first way is chosen, which represent the natural extension of the case of the tetragonal vs. hexagonal holohedries in V 2 : two subgroups of type mmm coincide with each other and also the subgroups of this group of type mmm coincide. The final result is that 16 of the 54 groups for the hexagonal holohedry have already been obtained as subgroups of the cubic holohedry which leads to a total of 136 point groups in V
3
. If instead the trigonal subgroups would have given priority, since 3 3m has 16 subgroups (including the full group), this would also have resulted in 16 common subgroups, namely the groups in Table 4 with numbers: ¼1, ¼2, ¼3, 99, 100, ¼12, 103, 104, 107, ¼29, 110, 111, 120, 122, 124, 130.
Point groups of the same type but in different conjugacy classes differ for the orientation in space of their symmetry elements; they are conjugate under a non-crystallographic rotation by 2p/12, which relates the h100i and h210i hexagonal directions. This is the case for 3m, 32, 3 3m, as well as for 6 62m vs. 6 6m2.
Point groups of the same type occurring in conjugacy classes of the two holohedries are conjugated by a rational matrix relating hexagonal and cubic directions. This is the case for trigonal subgroups of the hexagonal holohedry, which are conjugated to trigonal subgroups of the cubic holohedry via a real matrix relating the hexagonal [001] direction and the cubic h111i directions.
When all these conjugacy relations are taken into account, the 32 conjugacy classes of the hexagonal holohedry give rise to 7 new geometric crystal classes. These, together with the 25 geometric crystal classes obtained from the cubic holohedry, lead to the well-known total to 32 geometric crystal classes (point-group types) in V 3 .
Isomorphism classes
When point groups are classified in terms of their multiplication table as abstract groups, some groups of the same order may be grouped in one isomorphism class. Groups in the same isomorphism class have the same structure, independently from the elements (symmetry operations) of the groups. For example, groups of type 2/m, Point groups in crystallography 133 In terms of these abstract elements, all three groups have the same multiplication table and are thus isomorphic. The 21 (in V 2 ) and 136 (in V 3 ) point groups are finally classified into 9 and 18 isomorphism classes, respectively (see also ITA, page 762).
Point groups and point-group types in point space
Point groups in point space occur as:
1. the symmetry groups of atomic groups and coordination polyhedra; 2. site-symmetry groups (stabilizers of a Wyckoff position). The former are symmetry groups of finite objects whose inherent symmetry (eigensymmetry) is not restricted to be crystallographic and coincide with the symmetry groups of molecules. Therefore, in this case the number of point groups, but also of point-group types, is infinite. ITA (pages 796-799) call this infinite set of crystallographic and non-crystallographic point groups general point groups and classify them into 8 (E 2 ) and 33 (E 3 ) general classes, belonging to 3 (E 2 ) and 7 (E 3 ) general systems, respectively. In E 3 , three of the general systems consist of the point groups with a single principal n-fold axis, where n ¼ 2N þ 1, 4N, 4N For atomic groups or coordination polyhedra whose inherent symmetry is crystallographic, point groups in point space are isomorphic to point groups in vector space and this results in a duality between the corresponding forms, i.e. point forms (in point space) and face forms (in vector space) (ITA, page 764). For example, the face form trigonal dipyramid has eigensymmetry 6 62m; its dual in point space (point form) is a trigonal antiprism.
Site-symmetry groups (see also [13] ) are subgroups of space groups and thus obey the crystallographic restriction and are always finite groups. But apart from the space groups without special positions (1, pg in E 2 and 1,
3 ) each space group G contains infinitely many site-symmetry groups, due to the conjugation by the infinite translation subgroup.
The site-symmetry groups are classified into geometric crystal classes exactly as point groups are; there are thus 10 (E 2 ) and 32 (E 3 ) types of site-symmetry groups. Sitesymmetry groups are however oriented groups: two groups of the same type may differ by their orientation, and this implicitly calls for a finer classification 6 . There is a partial correspondence between site-symmetry groups of the same type and with the same orientation and face forms with the same inherent symmetry and the same orientation. The latter are classified in up to three orders. Although the correspondence is only partial, site-symmetry groups can be classified in the same way. However, the term "order" is profoundly established for the number of elements (symmetry operations, in our case) in a group and thus extending the classical term "order" for the classification of face forms to the classification of site-symmetry groups would call for misunderstandings. In the French literature, the word espèce is used; its corresponding English word species seems a good compromise. We therefore propose to classify site-symmetry groups of the same type and with the same orientation into the same site-symmetry group species.
There is evidently a 1-1 correspondence between species of site-symmetry groups and point groups in vector space, from which we conclude easily about the existence of 21 site-symmetry group species in E 2 and 136 in E 3 . At first glance, the concept of species of site-symmetry groups may seem to be related to that of Wyckoff positions or Wyckoff sets, but it can be easily shown that this is not the case.
Recall that for a space group G, the affine normalizer N A (G) of G is defined to consist of all elements in the group A of affine mappings 7 that map G onto itself by conjugation. Two elements of G which are conjugate by an element of N A (G) play equivalent roles as symmetry operations and two points of E n which are mapped to each other under N A (G) are geometrically indistinguishable.
Any Wyckoff position of G is transformed onto itself by all elements of G, but not necessarily by the elements of N A (G). Wyckoff positions that are inter-transformed by N A (G) are defined to belong to the same Wyckoff set.
Site-symmetry groups for positions of the same Wyckoff set clearly are of the same type, but not necessarily of the same species, because a Wyckoff set may contain Wyckoff positions whose site-symmetry groups are differently oriented. For example, in P222 the 12 Wyckoff positions 2i to 2t with site-symmetry group of type 2 belong to the same Wyckoff set. These site-symmetry groups fall into three species with different orientations, each corresponding to four Wyckoff positions: 2.. for positions 2i to 2l, .2. for positions 2m to 2p and ..2 for positions 2q to 2t. In general, however, the partition into species is not just a subdivision of the partition into Wyckoff sets, as is illustrated by the following example. In C222 there are seven Wyckoff positions with site-symmetry group of type 2: 4e to 4k. These are divided into three Wyckoff sets: 4e to 4h, 4i, 4j and 4k. While the first Wyckoff set splits into two species, the other two Wyckoff sets belong to the same species: But even in a single Wyckoff position the site-symmetry groups may be differently oriented. In P422, position 4l with oriented site-symmetry symbol .2. contains both the coordinates x, 0, 0 and 0, x, 0. The site-symmetry group for the first position is generated by a twofold rotation around the a-axis, the site-symmetry group of the second by a twofold rotation around the b-axis. Clearly, the two site-symmetry groups are conjugate in the space group, but they are differently oriented point groups.
Point groups and factor groups: relation with space groups
The ITA (page 725) establish a further isomorphism between the (vector) point group of the crystal and the linear parts of the matrices representing the symmetry operations of a space group. We conclude our analysis by giving some details on this isomorphism, because it implies a further correspondence between E n and V n . The set of translations representing the lattice of a crystal pattern is an infinite group called the translation subgroup T of the space group G. The translation subgroup T is a normal subgroup of G, which means that for any translation t in T all its conjugate elements also belong to T , i.e. for an arbitrary element g in G the conjugation relation (1) reads as gtg À1 ¼ t 0 for some translation t 0 in T .
The coset decomposition of G with respect to T is a partition of G into a finite number m of cosets. Each coset is an infinite set of the form WT ¼ fWt j t 2 Tg ¼ ftW j t 2 Tg ¼ TW where the second equality is due to the fact that T is a normal subgroup 8 . Choosing one symmetry operation W i (i ¼ 1, . . . , m) from each coset (assuming W 1 to be the identity of G) gives the coset decomposition
With respect to a given basis of E n , a symmetry operation W i can be written as a matrix W, called the linear part (representing the rotational component of the operation) and a vector w called the vector part (representing the translational component of the operation). Space groups whose coset decomposition (3) result in the same set of matrices W belong to the same geometric crystal class and differ in their vector parts w.
The set of matrices W forms a group W acting on E n that is isomorphic to the point group P which acts on V n . The number m of cosets in Eq. (3) is the order of the point group P and thus also of the group W. It can be easily shown that W is a symmetry group for the lattice of the crystal pattern.
Furthermore, the group W of linear parts is also isomorphic to the factor group or quotient group G/T . The factor group is the set of all cosets of T in G, i.e.:
G=T ¼ fgT j g 2 Gg :
ð4Þ
The factor group is a special kind of group in which each element, instead of being a symmetry operation, is a coset with respect to a subgroup. Multiplication of cosets is determined by multiplying representatives, i.e. g 1 T Á g 2 T ¼ (g 1 g 2 )T . Again, the cosets only give rise to a group in this way because T is a normal subgroup of G. By taking the products of each element of W and of T , one builds the so-called semi-direct product of T by W 9 . The result is a space group belonging to one of the 13 (in E 2 ) or 73 (in E 3 ) symmorphic types. Symmorphic space groups are distinguished by the property that their site-symmetry groups (in E n ) of highest order (lowest multiplicity) are isomorphic to their point groups P (in V n ). Space groups of non-symmorphic type cannot be obtained as semi-direct product of T by W and do not contain any Wyckoff position whose site-symmetry group is isomorphic to P.
